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The Power of Two in Large Service-Marketplaces

Dheeraj Narasimha* Srinivas Nomula'

Abstract—We consider a large-scale service marketplace with
numerous servers that scale with the job arrival rate. Jobs arrive
with private valuations representing their willingness to pay. In
a centralized system, jobs are matched to available servers, and
prices are set in a centralized manner to maximize revenue.
We investigate whether similar scalability can be achieved in
a distributed marketplace where jobs are randomly matched to
servers, which set their own prices based on job valuations and
system occupancy. OQur results show that matching a job to a
single randomly selected server leads to increasing prices with the
arrival rate, resulting in high blocking probability and reduced
revenue. We then examine matching jobs to two servers, which
compete to provide service if unoccupied. We demonstrate the
existence and convergence to a mean field equilibrium (MFE) in
this setup, where servers strategically respond to competitors’
prices. We characterize the MFE and show that this two-server
choice mitigates price scaling with the arrival rate, ensuring
lower blocking probabilities and higher system revenue. Our
findings are validated through simulations illustrating a variety
of operating scenarios.

Index Terms—mean field games, parallel server systems, rev-
enue maximization.

I. INTRODUCTION

The rise of service markets, especially in the area of
cloud services, has significantly changed the way compu-
tational resources are allocated and utilized. Such servers
support a variety of compute tasks, ranging from containers
for microservices-based applications, machine learning, to
blockchain mining and ledger handling. These markets are
characterized by a large number of servers, owned by many
different firms, which service a dynamic arrival of jobs, each
with distinct valuations based on their urgency and computa-
tional needs. In such a high-demand environment, efficiently
matching jobs to available servers while maximizing revenue
and minimizing blocking probability is a significant challenge.

Traditional systems manage this problem by centralized
matching of jobs to servers and centrally choosing a price for
service. While this approach simplifies the pricing strategy, it
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struggles to scale efficiently with increasing job arrival rates,
since it needs to monitor each server and optimize prices
across them all based on the demand in the form of job arrival
rates, leading to higher complexity of market operations. As
the demand for cloud services continually increases, there is
a need for more scalable marketplace designs.

A distributed marketplace offers a promising solution. In
this setup, jobs are randomly matched to servers, which then
set their own prices based on the current system occupancy and
the distribution of job valuations. This decentralized approach
allows for more flexible pricing strategies that can better
respond to fluctuating demand. However, it introduces its own
set of complexities, particularly in ensuring that the system
remains efficient and profitable as the scale increases.

With this context, we attempt to answer the question: Can
we design simple, randomized matching markets under which
each server can competitively set its prices, while retaining
high revenues and throughput of job completion?

Main Results

We investigate the design of a large-scale service market-
place with a focus on two decisions, namely, (i) matching
jobs to servers and (ii) pricing the service, and their impact
on system performance. Under a centralized matching scheme,
an incoming job can be matched to an unoccupied server, as
long as one exists. This requires management by a central
gateway that operates across all the servers, which is complex
and less scalable. A simpler approach would be to simply
match each incoming job with one or more randomly selected
servers. This might result in a higher probability of jobs being
blocked, thereby reducing the overall system revenue.

We consider pricing schemes under which the declared price
for service is always a sample drawn from some exponential
distribution. The reason for focusing on exponential distribu-
tions is that they provide a small amount of randomness over
a fixed price, which prevents the system from getting stuck
in corner cases, but the short-tailed nature of the exponential
distribution implies that prices are close to the mean value.
We study two pricing approaches. In the first, the parameter
of the exponential distribution is chosen collaboratively across
firms to maximize revenue in a baseline approach, whereas in
the second, it is chosen competitively by servers belonging to
different firms in a more realistic game setting.

We thus compare the following strategies across the decision
rules for matching and pricing:

1. D;C: Deterministic centralized matching of each job to
one unoccupied server, and a collaborative choice of the price



parameter. This is the baseline approach that requires complete
(unrealistic) collaboration across all firms.

2. R2C: Random matching to two servers, but collaborative
choice of the price parameter. This approach provides a
baseline that eliminates the complexity of having a matching
gateway that knows the occupancy of all the servers, but still
requires collaboration in price-setting.

3. R2G: Random matching to two servers, and competitive
choice of price parameters under a strategic game setting. This
approach eliminates the need for both centralized matching
and collaborative pricing, and we study it as a mean field game
(MFG) where servers have a belief about the distribution of
prices of others and optimize their prices against that belief.

4. R, C: Random matching to a single server and centralized
choice of its price parameter. This approach eliminates the
complexity of a centralized gateway, but there is no compe-
tition across servers. One would expect that this results in a
higher probability of jobs being blocked, thereby reducing the
overall system revenue.

We characterize and compare the revenue rate and through-
put engendered in the above schemes. Our specific focus is
on RoG, which exploits the power of two random choices
to increase revenue and throughput to values close to RoC
and attains a similar ultimate scaling as D;C. Our main
analytical contribution here is to demonstrate the existence and
convergence to an MFE, wherein we have a consistent best-
response price-setting policy and resultant price distribution.

Through our analysis, we show that this two-server match-
ing strategy with competitive pricing mitigates the issue of
price scaling with the arrival rate. As a result, it achieves lower
blocking probabilities and higher system revenue compared
to the single-server matching scenario of R;C. Moreover,
our approach provides a similar revenue scaling to the more
complex strategies, but with a simpler implementation.

Our main methodological innovation is in showing conver-
gence to the mean field limit in the RoG setting. Existing
approaches to showing MFE convergence rely on assuming
that all agents follow the same policy. However, we develop a
more robust approach wherein we explicitly model a “tagged
server” that is an individual agent that plays strategically
against an ensemble of other agents. We allow for tagged agent
and the ensemble to each follow their own policies and are able
to show strong exponential convergence of both to the MFE.

These findings are supported by numerical evaluations under
different settings, highlighting the practical applicability of our
proposed strategy. By demonstrating that a modest increase in
the number of server choices can lead to substantial improve-
ments in system performance, our study offers a pathway for
more efficient and scalable service marketplaces.

Related Works

While dynamic pricing has been studied since the works
of Cournot [1] further elaborated in [2], using pricing as a
control mechanism can be traced back to [3]-[5]. For a more
comprehensive view on dynamic pricing, we refer the reader
to [6]-[8] to name a few.

More recently, there has been a focus on this form of pricing
in the context of cloud computing [9]-[12] and the references
therein as well as in the context of a multi-class multi server
model in [13]. These models typically view the pricing scheme
from the perspective of a central manager with limited servers.

Our work departs from the centralized perspective, instead
looking at the problem as a game played by independent
agents, see for example [14], [15] and their references. Such a
view quickly becomes intractable since the computation of the
revenue rate depends on the pricing policies of all the other
agents. To circumvent this problem we shift to a mean field
game problem. Here we view the game from the perspective
of a typical agent against a continuum of agents that comprise
the rest of the system. Such a view of games with many
agents began with the works of [16] and [17] in parallel.
Several works have looked to capitalize on this perspective for
network applications [18]-[24] and networked markets [25],
[26]. The former works deal with competition in resource
constrained scenarios, while the latter works are closer to our
setup on market design. However, they do not consider the
service markets with competition across servers. Specifically,
[26] considers one-to-one matching of consumers to producers
in a prosumer marketplace, and so does not face the issues of
blocking due to occupancy or benefit from the power of two
choices in the manner of our system.

Like the above works, our goal is to exploit the analytical
tractability of the mean field approach, while allowing us to
numerically compute fixed points in terms of control policies
for such complex systems. In doing so, we are able to to obtain
strong convergence results that are of independent interest,
while addressing the specific problem of server matching and
pricing in compute services markets.

II. SYSTEM MODEL

We consider a system with N + 1 servers labeled N £
{0,..., N}. Server 0 is called the tagged server, and remaining
N servers in [N] = N \ {0} are untagged. Note, a mean
field game approach consists of a typical agent viewing the
rest of the system as the continuum limit of a homogeneous
collection of agents with fixed strategy (known as the mean
field limit) and proceeds to play a best response strategy. Each
agent views themselves as a tagged server and the remaining
servers as untagged, and hence by symmetry, the strategy is
cloned across all servers. Tasks arrive into this system as a
Poisson process with homogeneous rate (N + 1)A. We denote
the arrival instant of kth task by Ay, and the kth task inter-
arrival time by T}, £ Aj, — Aj_1, for all k € N. Accordingly,
the Poisson task arrival time sequence is denoted by A € RY,
and the task inter-arrival time sequence by 7' € RY, where
T is i.i.d. exponential with rate (N 4 1)\. We assume that
the completion time for any task at any of the NV + 1 servers
is i.i.d. exponentially distributed random variable with rate 1.
We assume that S € Rﬁ is an i.i.d. exponentially distributed
sequence with unit rate, where Sy, is the service requirement
of task k that arrives at instant Ay.
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Each server has two states in Z = {0,1}, busy or idle
denoted by 1 and 0 respectively. A server transitions from idle
to busy when it accepts a task for service, and from busy to
idle when it completes service. As such, we denote the state
space of all servers by X £ 2/, where state of all servers
x € X is a vector and z,, € Z indicates the occupancy of
the server n € AN. The state of the system is denoted by
the process X € X®+ where X; € X denotes the state of
the system at time ¢ € R;. The random variable X, , € Z
indicates the occupancy of server n € N at time ¢t € R. We
define the closed interval Z £ [0, 1], and denote the fraction
of the occupied untagged servers {1,..., N} at time ¢ by

N
1 1
ZtNéNE Xt,nEZNé{QN,---,l}QZ-
n=1

A. Task valuation and server pricing

We denote the random valuation sequence for tasks by
V € RY, where each incoming task k has a random positive
valuation Vi, € R;. We assume that V' is i.i.d. with a common
valuation distribution G : Ry — Z and complimentary
distribution denoted by G = 1 — G. We assume that the
valuation is exponentially distributed with rate v. Each server
n sets a random and independent price Py, :  — Ry for
each incoming task k. We assume that the tagged server 0
is a rational agent, and the rest of the servers are following
the same random pricing function. The price distributions at
the tagged server 0 and at each untagged server n € [N] are
denoted by Fpy, F} : Ry — Z respectively. We consider the
case when Fjy, F} are exponentially distributed with rates d
and d; respectively.

B. Server selection and joining

Our approach to picking servers at random is inspired from
a popular load-balancing method known as the power-of-two
choices [27], [28]. Below, we adapt this method to our context.
Each task % arrives at a dispatcher that picks a set of two
servers Iy, C A uniformly at random without replacement. If
both servers in I are occupied, then the task k leaves the
system having no effect. If one of the servers n € I}, is free,
the task k probes the server for an asking price. If the task
valuation Vj, > Py, ., it joins the idle server, if not, it once
again leaves the system. Finally, if both servers in I are free,
they must compete. The task k joins the lower priced of the
two servers if its value lies above this price. That is, task
k joins a server in Iy if Vj, > min{Py, : n € I;;}. If both
servers have an identical price, then it joins either of them with
probability % each. Otherwise, it joins the server offering a
lower price. For (N +1) server system, we denote the indicator
of tagged server 0 being joined by task k as /. In terms of
this indicator & ,iV , we can write the average revenue rate earned
by the tagged server 0 during the first K task arrival times as

K

_ 1

Ry 2 y > Prodr. (1)
k=1

The performance metric of interest is the limiting revenue rate
in the limit of large N, i.e.
R#2 lim lim Ry k. (2)

N—o00 K—o0
III. MEAN FIELD ANALYSIS

We look at the joint evolution (X, ZN.t > 0), where at
time ¢ € Ry, Xy is the occupation indicator of the tagged
server 0 and Z}¥ is the empirical distribution of occupied
untagged servers in [N]. We denote the history of the process
until time ¢ as F¥ £ 0(Xgn,n € N,s < t) for all N + 1
servers. We denote the history of the process until the kth
arrival time Ay as FY .

Definition 1. We define the indicator and probability of
valuation of kth incoming task exceeding the price of the
tagged server as

Me,10 = L{vspeo}s @1 = Eng 10.

We define the indicator and probability of valuation of kth
incoming task exceeding the price of the tagged server which
is lower than another non-tagged server, as

£1 2 E
Mk,20 = L{Vi;>Pp 0,Pr,o0<Pi,n}> q20 = L7)k,20-

We define the indicator and probability of valuation of kth
incoming task exceeding the price of a non-tagged server
which is lower than the price of the tagged server, as

21 2R
Nk2n = L{Vi> Py Pro>Pen b q21 = L1k on.

We define the indicator and probability of valuation of kth
incoming task exceeding the price of a single non-tagged
server, as

p1 = EC1.

We define the indicator and probability of valuation of kth
incoming task exceeding the price of two non-tagged servers
n#m € [N], as

Gon = Livasp )

p2 = Ep 0.

Lemma 1. For independent exponentially distributed pricing
with rates dgy,dy for the tagged server 0 and remaining N
servers respectively, and exponentially distributed valuation
with rate v, we have

£
G2 = Lvis P AP )

_ do _ do o dy
qlido—FU’ q207d0+d1+11’ quido—‘rdl—‘r’U7
B dq _ 2d,
plidl-i-’l}’ 272d1+v'

Proof: The result follows from the fact that valuations
and prices are independent exponential random variables. W

Lemma 2. For the (N +1) server system under consideration,
the indicator of selection of tagged server 0 for service by the
kth incoming task arrival is

N
&Y =1ioery Xay0 Z Linerny (XAk,nnk,lo + XAk,nnk,zo)-

n=1
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Proof: Tagged server 0 is selected for service by the kth
incoming arrival, iff (a) it is selected in the random two-subset
I;; for selection, (b) the tagged server is idle, (c) the value
of the incoming arrival is higher than the price of the tagged
server, and (c) either the other selected untagged server is busy
or the selected untagged server is idle but has a higher price
than the tagged server. ]

Recall that a randomly selected subset [} € (g/) and hence
can have zero, one, or two occupied servers. Accordingly, we
define the following probabilities.

Definition 2. We define the probability of one selected server
being the tagged server and the occupancy of selected non-
tagged server to be j € Z,n € [N], as

Tj éP(UnNzl {Ik = {O’n}’XAk‘7n :]} | g:iyk)

We define the probability of none of the selected servers being
the tagged server and the sum of the occupancy of two selected
servers to be ¢ € {0,1,2}, as

S¢ éP({O ¢ Iy, Z XAy Zf} \?Zk)

nely
Remark 1. Summing over all possible states for two se-
lected servers by the random selection I, we observe that
2 . . .

DjenTi = P({O €I} | &"ﬁk) = ¥11- Similarly, summing
over the occupancy indicators of two selected servers, we

: _ N\ _ N-1
obtain 3 yc g 1.0y 8¢ = P({O ¢ 1) | S"Ak) = N1

Lemma 3. Consider the selection probabilities defined in
Definition 2 and let Z ,]vak = z. The selection probabilities for
the tagged server are

2z 2z
TN TNt
The selection probabilities for non tagged servers are
(Nz-1) 2Nzz (Nz-1)
sozzﬁ7 slzm, 82:ZN7+1.

Proof: Recall that 0(Xa,.n) C fr"gk for all n € N
and [} is selected independently and uniformly at random at

each arrival instant. In particular, P( {I = {0,n}} | ?ﬁk) =

W for all n € [N], and hence from the the law of total

probability, we can write
N

2
D Lixa, i} = NN+D

n=1

2

NN ) (jNz+jNz).

T j =
Similarly, using the law of total probability for disjoint events
and the fact that [; is chosen uniformly at random, we can
write

N n-—1

2
= 1 .
. z\f(szLl)nz::“;::1 {XapntXa,m=t}
We observe that ]l{XA XA 0} = X4, nXa,,m and
kT kom—

]]-{XAk,n+XAk,m:2} = X4, nXAa,,m- Results follow from the
definition of Z}Xk. [ |

A. System evolution

Proposition 1. The process (X0, Z,t > 0) : Q@ — (2 x
Zn)R®+ is a continuous time Markov chain with the generator
matrix QN defined for all x,y € Z and z,w € Zy as

Qg\a[c,z),(y,w) = <N21{w:z7%} + )\2[21)1 (‘T + NZ)
+ 2821 + p2(NZ — 1)]11{10:2%}) -
+ (l'ﬂ-{y:x—l} + 2)\3_3(qu + 2(]20)1{‘@:1._’_1}) 1{w=z}~

This CTMC is irreducible and has finite states and hence pos-
itive recurrent with stationary distribution 7 € M(Z x Zx).

Proof: The result can be derived from the fact that arrivals
are Poisson, service times are i.i.d. exponentially distributed,
and the prices and valuations are independent exponential
random variables. Proof is omitted for brevity. [ ]

B. Mckean-Viasov equation

If the empirical distribution of states of an N-particle
stochastic system is Markov, then it can be shown that uncer
certain conditions this sfochastic evolution converges to a
deterministic evolution for large N, which is the limit of
the empirical dynamic over N particles. This deterministic
evolution is characterized by Mckean-Vlasov equation. For the
proposed system, this equation is defined in Definition 4.

Definition 3. Consider a family of CTMCs with generator
matrix Q" for each N € N. For each QV, we define an
associated map hy : Z x £ — Z defined for any (z,z) €
Z %X Z, as

hn(z,z) £

N
Y QU@ —2)
(y,w)EZXZN
For this family of CTMCs we define the point-wise limit h £
limN_,OO hN.
Lemma 4. For the family of CTMCs with generator matrix

QY in Proposition 1, the associated limiting map h : Zx Z —
Z defined in Definition 3, is given by

h(z,z) = Az2(22p1 + Zp2) — 2z, (x,2) € Zx Z. (3)

Proof: From the definition of hx and generator matrix
Q" in Definition 3 and Proposition 1 respectively, we obtain

AZ
hn(x,z) =N (2p1 — p2) + (2g21 — p2)T| + h(z, 2).

We obtain the result by taking the point-wise limit of hy as
N — 0. ]

Remark 2. We observe that the h(z,z) doesn’t depend on
x, and hence we will denote this map by h : Z — Z. The
absolute difference between maps h and hy for each (z,z) €
Zx 2 is

=
[h(=) = b (2, 2)] = 5= [2(2p1 = p2) +3(221 = p2)| . @)

Definition 4. [Mckean-Vlasov equation] In terms of the map
h : Z — R, defined in (3), we can define an autonomous
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nonlinear system @ : Ri xZ =+ Zfort > 7€ Ry and
z€ Z as

D, (2) £ 2 +/

T

t

h(®s -(2))ds, D, . (2) =2 (5)
This equation is referred to as Mckean-Vlasov equation and
determines the evolution of the deterministic mean field model.
For autonomous nonlinear system ® defined in Definition 4,
we define the set of rest points as z* £ {z € Z : h(z) = 0}.

Lemma 5. For exponential distribution for valuation with rate
v and pricing for untagged servers with rate di, there is a
unique rest point z* for the deterministic mean field model,

. . A
written in terms of a = dl, as
1

1
z*éff(omL

1+a)2+ )
S(a+ —0) ©6)

2\

1 I+ a)(2+a)\2

+\/1+a+4(a+ > )
Proof: Any rest point z € & of the deterministic mean
field equation defined in Definition 4 satisfies h(z) = 0.
From Lemma 4, we know the form of h, and rearranging
the equation, we obtain that a rest point is the solution of
a quadratic equation. Since z € Z, it follows that z* is the
positive root of this quadratic equation. The result follows from
definition of pj, ps, . Details are omitted for brevity. ]

C. Mean field convergence

We are now ready to show our main result that the equilib-
rium of the empirical Markov process converges to the rest
point (6) of the deterministic evolution given by Mckean-
Vlasov equations, together with the associated convergence
rate. To this end, we define a centred dynamical system and
some constants which will improve the presentation of the
convergence theorem, followed by the convergence result.
A visual representation of this convergence for a specific
numerical example is plotted in Fig. 1.

Definition 5. We define the distance of the system from a rest
point z* as € : Ry x Z — R, for initial time 7 = 0, from
any initial point z € Z, and at any time ¢ € R, as

et,2) & &y o(2) — 2~ @)
Definition 6. We define the following two positive constants

Lx £ 2X(2p1 — pa2), Kx 21+ 2X(p2 —p1).

Theorem 1. Let z* € Z be the unique rest point of the mean
field model (5). The stationary fraction of occupied tagged
servers ZX converges in the mean-square sense with rate

. N *2_ 1
1/N, ie. E|ZY — 2 _O(N)'

Remark 3. We will show that Theorem 1 holds under the
following four conditions and then verify that these conditions
are satisfied under our problem setup.

1) Bounded mean transition-rate condition. Stationary
mean rate for transitions for generator matrix Q*V defined
in Proposition 1 are bounded, i.e.

2 1
E Y Qfeoznww|w—25 <5 ®
(y,w)EZXZN

2) Asymptotically accurate mean field model. The mean
field model defined in Definition 4 is asymptotically
accurate mean field model, i.e.

Ih(z, 2) — hy(2,2)] < =

Sv €))

sup

(z,2)EZXZN

3) Lipschitz partial derivatives. The derivative h’(z) exists
and is Ly Lipschitz for all z € Z. Further

Ky < |W(2)] < K\ + L. (10

4) Global exponential stability. The dynamical system 2 =
h(z) for h defined in Lemma 4 is globally exponentially
stable. In particular, for any initial condition 2y € Z and
time ¢ € R, the distance between solution of the Mckean
Vlasov equation and its rest point is exponentially upper
bounded as

|5(t, Zo)‘ < |5(O7 ZO)l e_>\p2t.

(11

Typically such theorems have condition 1 split into separate
conditions on the boundedness of the transition rates and the
boundedness of the difference of states. However, since we
keep the additional state of the tagged server, we needed
this combined condition. Our proof gets simplified due to the
global exponential stability of the rest point, which is typically
not true in many mean field convergence cases. See [29] for
an elaboration on the conditions.

5

Z, :

?}J) Rest point

- 099 ——— N =10

a —— N = 102

§ N =103

S 0.98 J '{H w r

c

a N"‘\_ -

9 y ‘V‘W‘
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E 1 1.001 1.002 1.003 1.004 1.005
Iterations -10°

Fig. 1: Convergence to the fixed point z* as N grows larger for
A=0.5,v=0.1,dy = 0.2 and d; = 0.9 from [10°, 10° +500]
iterations. From, (6), z* = 0.975. As N increases, the mean
occupancy ZtN moves towards the rest point.

D. Equilibrium at the tagged server

We have studied the joint evolution of occupancy X, o at
the tagged server 0 and the fraction Z} of occupied untagged
servers [IN]. We have shown that the stationary fraction of
occupied untagged servers converges in mean sense to z*
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for large N. In the following theorem, we show that the
joint distribution of (Xeo0,2Y) converges to an explicit
distribution for large /N. This follows from the fact that at
time stationarity for large IV, the occupancy evolution of the
tagged server is a two-state continuous time Markov chain
with transition rates dependent on the deterministic limit z*.

Theorem 2. Let z* be the unique rest point of the mean
field model (5). The stationary distribution ™ of the CTMC
(Xt0, 2 1t = 0) converges point-wise for all (x,z), ie,

_ _
lm Y =L = H{Z:Z*}x + x)\(zq_1 + ZQ20).
’ 7 2M(2q1 + Zg20) + 1

N—o00

Proof: From Theorem 1, the equilibrium fraction of
occupied tagged servers Z converges to z* in the mean
square sense, and hence also in distribution. In particular,
we have limy_oo D cr T2, Loy = Ypen Mo
For each current state (y,w) € 2Z x Zy, the possi-
ble transitions are from possible previous states (x,z) €

1 1y (7

{(y,w)v (y7w - ﬁ)v (y7w + ﬁ)v (ya w)} where (l‘, Z)
(y,w) is the self transition. Further, we can write 7, , =

L{z— 2} Ta|z=» to Obtain that 3, 7w 2Q(Y ) (. €quals

12)

N N
Liomzny (Wﬂ\Z*Q(@z*%(y,Z*) Tyl Q(yz*),(@%*))'

From the form of Q” in Proposition 1 and the given form for
Tz|2+ in (12), we obtain that 7QY = 0 for all N € N. n

IV. EXISTENCE OF MEAN FIELD GAME EQUILIBRIUM

In Section III, we established that if we consider a system
with IV identical untagged servers with price parameter d; and
a tagged server with price parameter dj, the fraction of busy
servers converges to a point-mass z*(dy) at rate O(+;). Note,
here we are assuming that the value of the incoming tasks
are i.i.d. exponential with rate v. In this section, we examine
a best response dynamic taken by the tagged server at the
deterministic occupancy z*(d;) of N untagged servers.

Given the tagged server’s best response rate do(z*, d;), the
N untagged servers will adopt this response dj = do(z*,d)
to establish a new mean field z*(d}), in turn entailing a new
best response from our tagged server. This naturally prompts
the following question. Does a fixed point to such a dynamic
exist? We identify such fixed points as the mean field game
equilibrium defined below.

Definition 7. For a fixed value rate v, the mean field game
equilibrium is defined by the pairwise fixed point in empirical
measure and price parameter,(zps, dps) given by

zv = 2" (dm), dyr = do(za, dar). (13)

At the end of this section, we will show the existence of
the mean field game equilibrium under certain conditions.
A. Best response

In order to analyze the best response of the tagged server,
we begin by quantifying average revenue rate (2) earned by
this server.

Theorem 3. In the large server limit, the limiting time average
of the revenue rate at the tagged server 0 is

2*q} + 2" q3

R= lim lim R = = . 14
Nvoo Koo 1 dg (G + 251 + 27 20) (1
Proof: Consider the positive recurrent CTMC

(X10,ZN,t > 0) with generator matrix QV defined in
Proposition 1, and associated invariant distribution 7.

We can rewrite the time average of the revenue rate as
Ry = ﬁ(% Zle Pk70§,1€\7). From the strong law of
large numbers, it follows that limg .. ﬁ = (N + 1A
almost surely for an NV + 1 server system. Recall that [} is
selected uniformly among all 2-sets of N, and the valuation
and pricing are independent exponential random variables
with rates v and d, respectively. Therefore, from the explicit
form in Lemma 2 for the selection indicator §,J€V of tagged
server for service by the kth incoming task, we can write its
conditional mean E[¢) | X4, 0,2}, Pro] given the states
X402 ka and price Py o at the tagged server, as
2X 4,0

From the tower property of conditional expectation, the fact
that P ¢ is an exponential random variable with rate dy, and
the definition of ¢, g2¢p from Lemma 1, we obtain

QXAk 0 N 2, 7N 2
: Z Z )
dO(N 1) ( Akql + Ak,q20

From the PASTA [30] property, we know that Poisson
arrival sees time averages. Therefore,

E[Peoéh | Xa,,0, 24 ] =

K
o1 S N N
> XaZy = Y il
k=1 ZEZN
The result follows from taking limit N — oo and using the
expression for invariant distribution 7 from Theorem 2. [ ]
7 T T T LLALALLLI LRI T T TTTTIT L\» \‘\.HHH T TTTITm
imiting average
‘Cd —— N =10
Q
2 5 —— N =102
= - N =103
S
= 3 N
0]
>
[P
R~
0.52 PRI PR (T AT Y MO RS

0 1 2 3 4 5 6

Log of number of iterations

Fig. 2: Convergence of revenue rate to the rest point for v =
0.1,dg = 0.2,d; = 0.9 over 10° iterations.

Remark 4. Substituting for g1, go¢ in the revenue rate expres-
sion, we can verify that if dg = 0 or dy = oo, then the
average revenue rate is 0. Most importantly, we note that the
deterministic fraction z* of occupied servers only depends on
price parameter d; of untagged servers, normalized arrival rate
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A, and the value parameter v. Hence, if we fix the policy of all
untagged servers, then the revenue rate for the tagged server
becomes a deterministic function of its price parameter dy.
Thus, we can characterize the best response of the tagged
server by finding the price parameter that maximizes its
revenue rate. We plot the time convergence of the revenue
rate for different numbers of servers in Fig. 2.

B. Unimodality

For fixed normalized arrival rate A, value parameter v, and
price parameter d; for untagged servers, let R(dy) denote the
revenue rate for the tagged server as a function of its price
parameter dy. The following theorem uses the closed-form
expression derived in (14) to characterize the shape of R(dy).

Theorem 4. For fixed dy, v, A and under the large server limit,
the limiting revenue rate for the tagged server is unimodal
Sor its price parameter dy € (0, ﬁ} and hence there is a
unique best response

dj = arg max {R(do) 1 dy € <07 (15)

v } }
v3—11)"
Further, R(dy) is monotone decreasing for do > 2v.

Remark 5. We note that restricting optimal price parameter
dg < \/5”_ T might seem unrealistic. However, the second part
of our theorem shows that a maximizer of R(dy) can only
lie in (0, 2v] which partially justifies this restriction. Further,
we conducted numerical experiments for a range of system
parameters A, v,d;, and it appears that the limiting revenue
rate is unimodal over the entire domain. We have plotted the
limiting revenue rate for an example set of system parameters
in Fig. 3. However, we note that we currently do not have
analytical unimodality results for dy € (ﬁ,%]. One of
the consequences of Theorem 4 is that there is a unique best
response price parameter d for the tagged server.

i 0.6
3
g 04} s
v dy = 0.01
% 0.2 dy =0.6 ||
% dy =0.8
~ 0 | | . .
0 02 04 06 038 1

Price parameter d

Fig. 3: Limiting revenue rate R for the tagged server as a
function of its price parameter dy € [0, 2v] for fixed system
parameters v = 0.5, A = 1 and different values of d;.

C. Existence of mean field game equilibrium

Having shown the unimodality of the limiting revenue rate,
we next show the existence of mean field game equilibrium
for our system.

Theorem 5. For the (N + 1) server system under considera-
tion, we let the tagged server 0 select its best response price

parameter dj, defined in (15) for a price parameter d, for
the untagged servers. In the large server limit, there exists at
least one mean field game equilibrium (zp;,dpr) as defined
in Definition 7.

Proof: We fix the value parameter v and normalized
arrival rate \. Given the price parameter d; chosen by all NV
untagged servers, we know that there exists a unique fraction
of busy servers z*(d;) by Theorem 1 at stationrity under
large N limit. Further, this map d; — z* is continuous from
Lemma 4. Next, it follows from Theorem 4 that there is
a unique best response price parameter d € [0, \/g”_ 1] for
the tagged server. Further, it can be verified that R(dp) is
continuous in dj and differentiable for dy > 0. From Berge’s
Maximum Theorem [31] it follows that d{ is a continuous
function of z*. Therefore, the map z* — dj is continuous.
This composition of maps can be summarized by the relation
do — z* — dg. Since this is a composition of two continuous
maps, the map dy — df is also continuous. It follows from
Brower’s fixed point theorem [32], that there exists at least
one fixed point for this composition of maps and we obtain
the desired result. [ ]

Remark 6. The mean field limit z* is computable in closed-
form and given in Lemma 4. Gradient ascent allows us to
numerically compute the best response price parameter due to
the unimodality of the limiting revenue rate. However, it is not
straightforward to find an analytical closed-form expression for
the best response. Hence, we can only numerically evaluate
the mean field game equilibrium given value parameter v and
normalized arrival rate \.

V. COMPARISON WITH OTHER PRICING POLICIES

We measure performance in terms of the following three
per-server metrics (a) limiting revenue rate R, (b) mean price
P, and (c) throughput. If pj is the probability of blocking an
incoming arrival, then the throughput, p, is given by A(1—p;)
for our systems. In this section, we compare the performance
of our system RoG to other systems D;C,RoC,R;C men-
tioned in the introduction, in terms of these three metrics. We
first compute the limiting revenue rate of the tagged server
given the price parameter of untagged servers.

Lemma 6. For a fixed v,\ and dy = dy = d, we can
write the limiting occupancy of (N + 1) server system as
2*(d), probabilities q1(d), qa0(d). For this system, the limiting
revenue rate is

2(d)gi (d) + (1 — 2(d))g30(d)

R(d) = . (16
D" E @ + (1 — (d) (@)
and the blocking probability of an incoming arrival is
2z(d)z(d)v  zZ3(d)v\?2
A 2
po(a) 2 (2 + ZUE S0 29N an)

Remark 7. We do not know whether the map d — R is
unimodal, and hence it is not clear whether there is a unique
maximizer for the limiting revenue rate. Thus, we only study
this function numerically, as shown in Figure 4.
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Fig. 4: Unimodality of limiting revenue rate as a function of
common price parameter d for normalized arrival rate A = 1.

At mean field game equilibrium (2, dps) of Definition 7,
all servers have the identical price parameter dy; and m; ., =
ZM ]l{z:Z abs and hence have identical limiting revenue rates.

Corollary 1 (R2G). Consider System RoG at the mean field
game equilibrium (zpr,dyr) in Definition 7. In terms of this
pair and the limiting revenue rate R(d) from Lemma 6, the
limiting revenue rate, the mean price, and throughput at each
server are

_ _ _ 1
Rr,c = R(dy), Pr,c = dur PRoG = ADb(dar). (18)

System Ry C differs from System RoG in that the identical
price parameter at all servers is chosen to maximize the
revenue rate Rg,c.

Corollary 2 (RoC). Consider System RoC with the following
unique maximizer

d* £ argmax {R(d) :d € R} }. (19)

Then the limiting revenue rate, mean price, and throughput at
each server are
(20)

_ 1 .
Proc & —,  proc = App(d¥).

d*’
Remark 8. Consider a variant of System D;C with constant
uniform price p for all incoming arrivals. It follows that
thinned Poisson arrival rate to the system is (N + 1)AG(p).
For normalized arrival rate A and price p such that A\G(p) < 1.
Then, it follows from [10], [33] that under a large server limit
with centralized routing to idle servers, the following uniform
price maximizes the limiting revenue rate

Rp,c & R(d*),

pu = arg max pGi(p). @21
For exponential valuation, the maximizing uniform price py =
% for )L < e. Let us consider A > e and uniform price p such
that AG(p) < 1, then the limiting revenue rate maximizing
uniform price is

1
pu & argmax{pe‘“p e A< e“p} =—InA\.
P v

Remark 9. We note that the only difference between the
limiting revenue rate maximizing system and System D;C

are the constant price in first system and i.i.d. exponentially
random pricing in the second system. We will show that
the qualitative behavior of System D;C is very similar to
the limiting revenue rate maximizing system in terms of the
performance metrics under consideration. We have adapted the
limiting revenue rate maximizing system to System D;C to be
consistent with random exponential pricing considered in all
comparison systems.

Proposition 2 (D,C). For System D,C the limiting revenue
rate, mean price, and throughput at each server for A < 2 are
_ 1

A P2z £z 22

dv P D;C v 5 PD,C 9 ( )
The limiting revenue rate, mean price, and throughput at each
server for A > 2 are

A (A_l)

Bp,c =

A1

Rp,c & ~~——, Ppc®=——, ppc=1l. (23
VA v

Proof: The result can be shown by adapting Remark 8 to

the setting of i.i.d. exponential price. [ ]

Theorem 6 (R C). For System R1C, the limiting revenue rate,
and the mean price at each server are

_ L/vVI+A-1 _ I+
Rrc® - (Y==—),  Prc® SCZ
VAVI+ A+ v
The throughput at each server is
A
priC = (25)

VIFAX1I+VI+N)

Proof: Consider System R;C with price parameter d at
each server. Then, we can model the state of each server
as a two state Markov chain with states {0,1} indicating
idle or busy state with thinned Poisson arrival of rate d)j%v
transitioning the server from idle to busy and unit service rate
transitioning the server from busy to idle. We observe that the
equilibrium probability of server being busy is 7 = ﬁ
the limiting revenue rate is ﬁﬁ, and the acceptaildce
probability of an incoming arrival is ’yd%}. The result follows
by finding the optimal price parameter that maximizes the

limiting revenue rate. u

VI. NUMERICAL RESULTS

We conduct numerical evaluations of the four approaches to
illustrate their performance as the arrival rate of jobs is scaled.
The metrics of interest are (i) revenue rate (ii) mean offered
price and (iii) throughput of completed jobs.

Revenue Rate: We evaluate the revenue rate as a function
of the job arrival rate A\ at two different values of the value
parameter, v = 0.5 and v = 1.5. As expected, under central-
ized matching and price parameter choice D;C dominates the
performance of all other systems, while simply picking one
server at random in R;C falls far short of both RoC and the
two server competition approach of RoG. Interestingly, Fig 5
tells us that the revenue rate for the RoC and RoG systems
appear to be nearly identical as a function of \.
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Fig. 5: Mean revenue rate as a function of .

We investigate this observation further using a conventional
loss metric used in game theory, the price of anarchy. The
price of anarchy measures the loss of performance due to
competition when compared to collective bargaining

Aaq_ Bra

RRr,c

As seen in Fig 6, there is indeed a difference in the limiting
revenue rate when the arrivals are near 0, but this difference is
small as \ approaches 1 and essentially disappears past A > 2.
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>
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(a) For v = 0.5. (b) For v = 1.5.

Fig. 6: Price of anarchy as a function of .

Mean Price: Fig. 7 plots the price chosen by the server
for different service disciplines. Note that for A > 2 the price
for D;C is linear while the price for R;C is order v/A. This
indicates that RoC and RoG follow a slightly higher than v/A
price as A grows larger.

Normalized Throughput: The normalized throughput is
shown in Fig. 8, where we see that RoG (and R5C) closely
matches the fully centralized D, C for arrival rate A < 1. As
the load increases, the blocking probability of randomized
matching does as well, causing a reduction in throughput
(which is upper-bounded by 1 in any case). Thus, for realistic
traffic loads power-of-two randomized matching in the game
setting performs quite effectively in all performance metrics.
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Fig. 8: Throughput as a function of A.

VII. CONCLUSION

In this paper, we explored the dynamics of a large-scale
service marketplace and proposed a distributed matching strat-
egy that involves randomly matching jobs to two servers, each
setting their own competitive prices. We demonstrated that this
approach significantly mitigates the inefficiencies observed in
single-server matching by ensuring lower blocking probabil-
ities and higher system revenue. Our analysis revealed that
this two-server strategy achieves revenue scaling comparable
to more complex centralized and collaborative pricing models
while maintaining a simpler implementation. Furthermore,
we established the existence of a mean field equilibrium,
providing a stable pricing environment in a competitive market
setting. These findings were numerically evaluated, highlight-
ing the practical benefits.
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